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Statement  of  Problem 

The  problea  of  the  recognition  (detection)  of  the 
useful  signal  (the  true  signal)  among  false  signals  arises 
in  a number  of  applied  problems  of  the  statistical 
reception  of  signals.  Here  recognition  can  be  realized  both 
with  and  without  additive  noise. 

True  signals  can  be  distinguished  among  false  by  using 
two  types  of  information  obtained  during  the  observation  of 

the  signals  and  the  measurement  of  their  informative 
parameters.  First,  this  includes  information  on  the  laws  of 
the  distribution  and  static  characteristics  of  the  signals, 
and  second,  information  related  to  changes  in  certain 
parameters  of  the  signals  through  tine. 

Of  course,  the  higher  the  noise  level  and  the  closer 
the  characteristics  of  the  false  signals  are  to  the 

corresponding  characteristics  of  the  true  signals,  the 
greater  the  errors  in  resolution.  The  finite  value  of  the 
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sensitivity  of  the  resolver  also  affects  the  error,  besides 

these  factors.  The  resolvers  (including  aan)  which  can 

presently  be  realized  have  limited  sensitivity  which  can 
theoretically  be  a random  function  of  time.  Without  going 
into  the  reasons  for  fluctuations  in  the  Sensitivity  of 
resolvers  in  detail,  we  will  nevertheless  point  out  that, 
when  man  is  the  resolver,  the  sensitivity  of  his  sensory 
organs  which  participate  in  the  resolution  process  depends 
on  many  psycho-physiological  factors  [ 1 ]. 

In  connection  with  this,  it  is  interesting  to  consider 

the  effect  of  the  finite  sensitivity  of  the  resolver,  as 

well  as  fluctuations  in  sensitivity,  on  the  characteristics 
of  the  recognition  of  signals  which  are  not  superimposed  in 
time.  Here  we  will  assume  that  the  apriori  statistics  on 

the  recognition  parameters  of  true  and  false  signals  are 
known  and  that  it  is  necessary  to  distinguish  the  true 

signal  on  the  basis  of  this  apriori  information  on  the 
received  group  of  true  and  false  signals.  We  will  solve 

this  problem  analogously  to  the  classic  problem  of  the 
recognition  of  one  of  the  n-orthogonal  signals  [2,  3, 


V U 
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Discrimination  of  One  True  signal  Proa  a Palse  Signal 


Suppose  we  have  one  true  signal  (is)  and  ona  false 
signal  (LS)  with  uniform  probability  densities  of  the 
recognition  parameters  (z)  and  (y)  , whereupon  it  is 

known  apriori  that  the  sean  value  of  the  recognition 
parameter  for  the  true  signal  is  higher  than  the  mean 
value  of  the  recognition  parameter  for  the  false  signal. 


Suppose  that  the 

rule 

of 

resolution  (recognition) 

is 

that 

the  signal  which 

has 

the 

highest  measured  value 

of 

the 

recognition  parameter  is  considered  to  be  the  true  signal. 
However,  due  to  the  limited  sensitivity  of  the  resolver 
which  selects  the  highest  value  of  the  recognition 
parameter,  the  true  signal  will  be  taken  as  true  when  the 
measured  value  of  parameter  x of  the  true  signal  exceeds 
the  measured  value  of  parameter  y of  the  false  signal  by 
a certain  value  6.  In  other  words*  the  true  signal  will 
be  taken  as  true  when  the  following  condition  is  satisfied 

A — x — f X). 


I 
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Here  the  false  signal  y will  be  Mistaken  for  the  true 
signal  when  the  following  condition  is  satisfied 

A - x — y <— fi. 

When  —6  < x-y  = & < 6 or  | x— y|  < 6*  the  signals  will  not  be 
classed  as  either  true  or  false,  and  it  is  necessary  to 
sake  a further  analysis  of  the  signals. 


As  was  indicated  above,  the  sensitivity  of  the  resolver 
depends  on  nany  factors,  generally  being  a randon  value 
with  a certain  probability  density  Wj(6).  Since  the  value 
of  6,  which  determines  the  sensitivity  of  the  resolver,  is 
positive,  the  probability  density  wfi(fi)  only  differs  from 
zero  when  the  value  of  6 is  positive. 


with  the  above  designations,  the  probability  that  the 
true  signal  will  be  taken  as  true  (the  probability  of  the 
recognition  of  the  true  signal)  depends  on  the  randoa  value 
of  6,  and  with  the  rule  of  resolution  used,  it  is 
determined  by  the  expression 


Pmib) 


r»-» 


I WbcU)  f ti>K(y)dy 

« l « 


dx. 


which  agrees  with  the  expression  for  the  probability  of  the 
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recognition 

Of 

one 

of  two  orthogonal  signals 

found  in 

publication 

[2, 

3] 

at  6=0.  Averaging  the 

probabilit  y 

Pnc  («)  for 

all 

the 

possible  values  of  randoa 

value  6,  we 

will  have 

m 

Pm~<P*( 6)  >4-  \ 

i 

oo  U t — 'i 

Pm c (6)w»  (6)d6  = ( u»«(6)  ( uw(*)  J wx(y)dydxd6. 
o i » 

(J) 


He 

find 

the 

probability 

that  a false  signal  will  be 

mistaken 

for 

the 

true  signal 

analogously 

Pm-  < Pm(&)  >6-  f w»  (ft)  f uv(y)  ( wj,x)dx  dy  dt>.  (2) 


Her©  the  probability  of  nonresolution  is 


P—  - 1 - (Pm  + />*). 


As  an  exanple,  we  will  consider  the  case  when 
recognition  is  based  on  the  aeasureaent  of  the  signal  with 
the  aaxiaua  amplitude  at  the  outlet  of  a quadratic 
amplitude  detector.  This  case  can  be  equivalent  to  the 
recognition  of  signals  with  the  aaxiaua  brightness  of  the 
aarks  on  the  screen  of  an  indicator  with  a brightness 
aark#  or  the  recognition  of  radar  objects  froa  aeasureaents 


of  the  instantaneous  values  of  their  effective  surface  areas 
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of  radiowave  scattering.  Assailing  that  the  signals  at  the 
inlet  of  the  detector  are  normal,  the  probability  density 
of  the  signals  at  the  outlet  of  an  inertialess  quadratic 
detector  can  be  represented  as 


«*•(*) 


x>0. 


0 jr<0. 


y >o, 

y<0. 


(3) 


where  *sd  o*  are  the  *ean  Powers  of  the  true  and 

false  signals  at  the  inlet  of  the  quadratic  detector* 
respectively.  Here  it  is  assumed  apriori  that  o«>o*. 

In  order  to  simplify  the  problem,  we  will  also  assume 
that  random  value  6 is  distributed  according  to  Rayleigh's 

lev 


where  parameter  is  numerically  equal  to  the  highest 

probable  value  of  the  sensitivity  of  the  resolver. 

He  will  point  out  that  a number  of  factors  prevent  us 

from  increasing  the  lower  limit  of  sensitivity  of  actual 

resolvers  (decreasing  the  value  of  *.),  mainly 

6 


the  different 
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type  of  noise  and  instability  of  different  components  of 
the  receiver  and  resolver. 

Substituting  probability  densities  (3)  and  (4)  in 
formulae  (1)  and  (2),  after  computing  the  integrals  of  the 
type  (3.462.5)  [4]  we  will  obtain  the  following  expressions 
for  the  above  probabilities  and  : 

(5) 

(6) 

where 

is  the  probability  integral. 

If  the  true  and  false  signals  are  received  against  a 
background  of  additive  normal  noise,  am  and  a®  are  the 

total  intensities  of  the  noise  and  signals*  i.  e. , 

o» - U*® 

where  aw®  and  e®*  are  the  powers  of  the  true  and  false 
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signals,  respectively; 

and  Caca 

and 

Ojkd  are 

the  intensities 

of  the  noise 

at  the 

inlet  of 

the 

amplitude 

detector  during 

the  reception 

of  the 

true  and 

false 

signals. 

respectively. 

For  the  farther  analysis  it  is  convenient  to  introduce 
the  following  designations: 


is  the  coefficient  of  similarity  of  the  false  signal  to 
the  true  signal  according  to  the  mean  power  (the  value  of 


the  effective  surface  area  of  radiowave  scattering  during 
radar  observation)  ; 


are  the  ratios  of  the  noise  intensity  to  the  signal  power 
at  the  inlet  of  the  detector  during  the  reception  of  the 
true  and  false  signals,  respectively  (the  signal/noise  ratios 
during  the  reception  of  the  true  and  false  signals. 


respectively)  ; 


is  the  ratio  of  the  aost  probable  value  of  the  sensitivity 
of  the  resolver  to  the  power  of  the  true  signal  at  the 
inlet  of  the  detector. 
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As  a result  of  these  designations,  the  expressions  for 
probabilities  Pm  and  Pm  esu  be  represented  as: 

*?+*.>  I1-  ^^«p[2ttt^][i-0(i^)]|> 

(7) 

/>»“«(i+«jmh-<i+,k)  {* ~ mrtjVli cxp [saVi+^p If • 

(8) 

In  the  absence  of  noise  ( oM  = omn  *=  0 ) these  foraulae  are 

simplified : 

'’--rfil1 -*«']• 

(9) 

wherepon  when  0 « 1 (very  high  sensitivity  of  the 

resolver) 


Pm  01 


Pmat 


a +1  ‘ 


(10) 


Figure  1 shows  the  dependences  of  probabilities  Pm  usd 
Pm  on  the  coefficient  of  the  siailarity  of  the  false 
signal  to  the  true  signal  a at  different  values  of 
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parameter  0 an!  V»*  — V*  — 0. 

Figure  2 shows  the  dependences  of  probabilities  Pie  sad 
PM  on  the  noise/signal  ratio  q - q*  for 
On  — (Tjwatone  — $/ o).  P *■  0.1  and  three  waives  of  the  coefficient 

of  the  siailarity  of  the  false  signal  to  the  true  signal. 


General  formulae  (1)  and  (2)  and  formulae  (5),  (6), 

(7)- (10)  obtained  above  for  the  conaon  case  of  exponential 
laws  of  the  distribution  of  the  recognition  parameters  were 
derived  with  consideration  of  the  apriori  data,  so  that  the 
■ean  value  of  the  recognition  paraneter  of  the  true  signal 
is  higher  than  that  of  the  recognition  paraneter  of  the 
false  signal.  On  the  other  hand,  i.e.,  when  the  nean  value 
of  the  recognition  paraneter  of  the  true  signal  i3  lower 
than  that  of  the  false  signal,  the  expressions  for  P m and 
Pm  are  obtained  analogously. 


Recognition  of  One  True  signal  Anong  a Group  of  Identical 
False  Signals 

In  the  aajority  of  practical  problens,  it  is  necessary 
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to  recognize  the  true  signal  froi  among  a number  of  false 
signals. 

We  will  assume  that  one  signal  is  singled  out  of  H+ 1 

signals,  for  which  we  know  that  the  lean  value  of  its 

recognition  parameter  x is  higher  than  the  mean  value  of 
the  recognition  parameter  of  any  of  the  N identical  false 
signals.  Then  at  an  assigned  sensitivity  of  the  resolver  6, 
which  is  characterized  by  probability  density  w^  (6)  * the 

probability  of  the  recognition  of  the  true  signal  is 

defined  as  the  probability  that  all  the  values  of  the 

recognition  paraieters  of  the  false  signals  will  be  lower 

than  the  values  of  the  recognition  parameter  of  the  true 
signal  by  the  value  6 

«*  | * — 1* 

— j &m(x)  I J wK(y)dy  I dx. 

Averaging  this  expression  for  all  the  values  of  6,  we  will 

obtain  the  formula  for  the  probability  of  the  recognition 
of  the  true  signal 

Prn-  < Pm(6)  >*-  j m(*)j  mw<x)|^  j •miy)dy]^dxdl.  (||) 

In  this  case*  the  probability  of  nonresolution  can  be 
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defined  as  the  probability  that  none  of  the  recognition 
parameters  of  the  false  signals  will  exceed  the  limits  xi6. 

The  computation  of  the  integrals  in  the  last  equations 
involves  significant  mathematical  difficulties.  However, 
analogously  to  [3],  for  a large  number  of  false  signals  N 
» 1 we  can  approximately  set 


0 at  * — fi<*o. 
X * x — 6 - x#, 

1 » x — 6 > xo. 


As  a result,  expression  (11)  is  simplified,  assuming  the 

form 

I 

«fw»(fi)f  Wm(x)dxd6,  . (12) 

" vM 

where  x0  is  determined  from  the  relationship 

j »m(y)dy  - 2“w. 

I'  | 

The  probability  of  aonresolution  when  N » 1 can  be 
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approxi»t*ly  represented  •»  (coisidaciig  the  approxinate 

relationship  J wac(y)dyacwat(x)  • 6)  for  snail  values  of  6) 

* 

-J  uwU)u£(x)  <**  + J uw(x)a>«(x)<LcjdA=>r 

«•  m 

« 2 J 6*wt (6)d&j  w^(x)Wk(x)  dx. 


We  will  calculate  the  probability  of  the  recognition  of 
the  true  signal  with  regard  to  the  connon  situation 
discussed  above,  in  which  the  probability  densities  of  the 
recognition  paraieters  of  the  true  and  false  signals  are 
deternined  by  expressions  (3),  and  the  probability  density 
of  paraneter  6 is  deternined  by  expression  (4).  in  this 
case  (at  N >>  1),  the  value  of  x0  is  found  fro*  the 
relationship 


v dx  «■  (I 


When ce 


-o«ln(1  -2-t  A\ 


<H) 


Considering  that  at  a large  nunber  \ 2 *s  | _ ths 

expression  for  the  value  of  xa  is  approximately  eg  sal  to 
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X«  at  Om  In  N. 

Substituting  tbs  relationships  fro*  (3),  (4),  and  (14) 

in  (12)  for  «M  (x).  w»(d)  and  x0,  respectively,  we  will 

obtain  tke  foranla  for  tba  probability  of  the  recognition 
of  the  true  signal. 

(,s’ 

Coaparing  foraulae  (7)  and  (15)  with  each  other*  we 

can  see  that  other  conditions  being  equal,  for  a 
sufficiently  large  nuaber  of  false  signals  N » 1,  the 

probability  of  the  recognition  of  the  true  signal  in  the 
foraer  case  is  k tiaes  lower  than  for  the  discrii inat ion 
of  the  true  signal  froa  one  false  signal,  where 


<i+*«>«p  -i +r~'nK 

* m . 

The  probability  of  nonresolution  for  the  case  in 

question  is  deterained  by  the  foraula 

■J 
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(16) 


Considering  an  integral  of  the  type  (3.461.2)  [4],  the 

foraula  for  the  probability  of  nonresolution  (16)  when  0 « 

1 will  be 

p i/v,a)i^Vlt-|pv 

**nP=*:  a"-'  0+ Ian+«JK)+,V(I+Ij,e)|  ’ 


•hereupon  it  is  simplified  at  , assusing  the  foru 

„ {N,2) ! 


The  analysis  of  the  expressions  obtained  above  shows 

that  with  the  assuaptions  aade,  0 <<  1 and  N » 1,  the 
probability  of  nonresolution  approaches  zero,  physically,  this 
is  6ae  to  the  fact  that  at  a large  nuaber  of  false 

signals  and  even  relatively  lo»  sensitivity  (0  ^ 0*1),  the 

probability  that  all  the  false  signals  will  lie  within  the 

liaits  of  sensitivity  of  the  resolver  x+6  is  virtually 
equal  to  zero.  With  these  assuaptions,  we  can  say  that  the 


1/ 

I 
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probability  of  aistakiag  a false  signal  for  the  true  one 

. 

is  equal  to  Pm-ml-P*. 


Figure  3 shows  the  dependences  of  coefficient  I (I)  on 
the  nuaber  of  false  signals  N at  9m  ” Qm  — 0,  p — 0,1  and  a 

series  of  values  of  the  siailarity  coefficient  a. 


Figure  4 shows  the  dependences  of  coefficient  K(q)  on 
the  noise/signal  ratio  q — qm  at  Om  *=  in  (qm  •"  9*a)  for  two 

values  of  the  nuaber  of  false  signals  ■ * 10,  20;  fi  = 
0.1;  and  a = 0*2,  0*  5,  0.7. 

It  is  evident  froi  these  curves  that  the  probabilities 
of  the  recognition  of  the  true  signal  decrease  with  the 
increase  in  the  nuaber  of  false  signals  and  the  increase 
in  the  noise/signal  ratio. 


Siailarly , 

we  can 

find  the 

f oraula 

for 

the 

probability 

of  the  recognition  of 

the  true 

signal 

when 

the 

decision  is 

based  on  the 

fact  that 

the  aean 

value 

of 

the 

recognition 

paraaeter  of 

the  true 

signal  is 

lower 

than 

that 

of  the 

false  signal. 

In  this 

case 

\ 

l 


■ 


V 
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Pm  ~j  Wt(6)  j BWW 


dx  db. 


The  probability  of  nonresolution  when  N » 1 is  deter  lined 

by  expression  (13),  like  before. 


Bith  reapect  to  the  laws  of  distribution  (3)  and  (4) , 
the  probability  of  recognition  Pm  is  determined  fros  the 
f oraula 


-T-jV T«p(-^)[‘-#(^')]|. 


>«■* 


whereupon,  if  1, 


When  the  true  and  false  signals  are  a sixture  of  signal 
and  noise  at  the  inlet  of  a guadratic  detector. 


Pm 


#(T il  + •->  )])’ 


(«>I)L 


1 
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Figure  5 shows  the  dependences  of  the  probabilities  of 

the  recognition  of  the  true  signal  /*«  oa  the  nunber  of 

false  signals  N at  f)  - 0.1,  9*  - <?«  - 0 •#  aad  three  values 
of  the  siailarity  coefficient  of  the  falsa  signals  a * 5, 

2 and  1.2. 

Figure  6 shows  the  dependences  of  the  probability  of 

the  rscogaitioa  of  the  traa  signal  froa  the  aoise/sianal 

ratio  9 - 9«  at  o*a  = o.™  (9*  — 9/a)  for  several 

values  of  ■ aal  two  valaas  of  the  anaber  of  false  signals 
N = 10  and  20. 

It  is  also  evident  froa  these  dependences  that  the 
probability  of  the  recognition  of  the  true  signal  decreases 

with  the  increase  in  the  nunber  of  false  signals  and  the 
increase  in  the  noise/signal  ratio. 

\ 

Th«s,  this  analysis  of  the  effect  of  the  United 
sensitivity  of  the  resolver  on  the  characteristics  of  the 


discriaination  of  the 

true 

signal  froa 

false  signals 

has 

shown  that 

the  errors 

in 

resolution  are 

higher  than 

those 

of  perfect 

resolvers. 

The 

"rougher"  the 

resolver,  the 

greater 

this  increase  in  errors.  The  rather  siaple  engineering 

relationships  obtained  sake  it  possible  to  coapute  the 


L 
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probability  of 

resolution 

errors  depending  on 

the  conditions 

of  observation 

and 

the 

statistical  parameters 

characterizing 

the  sensitivity 

of 

the 

resolver- 
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